Through a specific example of two-body color-favored charm decay, D + s → φπ + , we illustrate how an effective and complex (unitarized) a 1 , denoted by a
Introduction
We begin with some definitions relevant to the hadronic decays of charmed mesons. The effective Hamiltonian for Cabibbo-favored charmed decays is given by, H ef f w (∆C = ∆S = −1) =G F {C 1 (sc)(ūd) + C 2 (sd)(ūc)} ,
V cs V * ud and the brackets (sc) etc. represent color-singlet (V-A) hadronic currents with appropriate flavors and V cs etc are the Cabibbo-Kobayashi-Maskawa (CKM) mixing parameters. G F is the Fermi Weak coupling constant. C 1 and C 2 are the Wilson coefficients [1] for which we take the values, C 1 = 1.26 ± 0.04, C 2 = −0.51 ± 0.05 .
The central values are taken from [2] ; the error assignments are ours. The parameters a 1 and a 2 are defined as follows,
where N c is the number of colors.
The formula corresponding to (1) and (2) for Cabibbo-favored bottom decays are,
and [2] , C 1 = 1.12 ± 0.01, C 2 = −0.27 ± 0.03 .
Again, the error assignments are ours. In phenomenology as practiced until recently, it was found [3] that the choice a 1,2 = C 1,2 worked as a reasonable approximation in the factorization scheme for charmed decays. The most successful example of this was the decay D →Kπ [3, 4] . This led to the belief that N c → ∞ was a good approximation in charmed decays. This idea, when carried over to hadronic B decays failed as theory wanted a 2 to be negative [2] while experiments [5] left no doubt that in B decays a 2 was positive.
Recently, it was shown [6] that in the factorization hypothesis all commonly used models of hadronic form factors had difficulty in explaining the polarization data [5, 7, 8] in B → ψK * decay. It was subsequently shown in [9] that even a modest amount (∼ 10%) of nonfactorized contribution made all form factor models consistent with the polarization data. The consequences of nonfactorization in charmed meson decays have recently been explored in [10, 11, 12, 13] and in B decays in [14] .
If we use N c = 3, we get from (2) and (3) at the charm scale,
and at the bottom scale,
In [12] and [13] it was shown that the inclusion of nonfactorized contributions allows us to define effective a 1 and a 2 and that even a modest nonfactorized contribution in color-suppressed charm decays could lead to a ef f 2 ≈ −0.5, a circumstance mitigated by the large value of the ratio We answer all the questions posed at the end of the preceding section with a specific example from charm decays:
The reason for choosing this Cabibbo-favored decay is that it has only one isospin which makes the fsi calculation somewhat simpler. Before embarking on the details, let us introduce the following color Fierz identities,
where λ a are the Gell-Mann matrices. We adopt the following short-hand notations for the color-octet current products on the right hand side of (8),
Using (1) and (8), the decay amplitude (before fsi effects are brought into play) for D
While the matrix element of H (8) w is completely nonfactorized, the first term in (10) includes a (i) factorized (spectator) term, (ii) any nonfactorized contributions in addition to the factorized (spectator) term and (iii) a W-annihilation term which in turn has a factorized and a nonfactorized part. These individual contributions to the decay amplitude are parametrized as follows:
Here we have used the form factor notation of [3] while A were introduced in [12] . The superscript 'ann' stands for annihilation and ε is the polarization four-vector for the φ. Putting it all together, one can define an effective a 1 as follows,
where
Up to this stage, all quantities are taken to be real, including A ann 0 . Complex amplitudes will emerge as the result of fsi at the hadronic level.
Consider now the final state interactions. For illustrative purposes we consider a twochannel model which is adequate to illustrate our ideas. Consider an inelastic coupling of φπ channel with G-parity even, to the G-parity even eigenstate ofK 0 K * + andK * 0 K + . Channel φπ will couple, among others, to ηρ and η ′ ρ channels also. Our intention is not to calculate numerically the effect of these channels but to illustrate how fsi enter the description. Both of these decays,D 
Here B of (11). Similarly,
The hatted quantities here refer to the decay channelK * 0 K + . Now the eigenstates of G-parity are [15] ,
where the symmetric (antisymmetric) combination has G-parity even (odd). Thus it is only |K * K S that couples to φπ. We note here one further point regarding the annihilation term in (15) and (17) . The factorized part of the annihilation term in (15) 
which is proportional to the matrix element of the divergence of the axial part of (ūd) current. Now, if the hadronic weak currents are only of the first class kind then the axial current has G-parity odd. As the symmetric state, |K * K S , has G-parity even, it requires that the factorized part ofB ann 0 in (17) be equal in magnitude and opposite in sign to the factorized part of B ann 0 in (15) . However, nonfactorized annihilation terms (for example, when the intermediate state in the direct channel is not a hadronic vacuum but a multigluonic state [16] ) will frustrate this argument.
We, next, set up a coupled channel fsi between the decays D + s → φπ + and D + s → (K * K) S following the formalism described in [17] . Though the method of unitarization, the K-matrix method which amounts to retaining only the on-shell contribution from re-scattering loops, is not unique, it serves adequately to describe our ideas.
We simplify our notations further by using the following short-hand notations for the thus far real amplitudes,
with
and
The two amplitudes, (19) and (21), couple via fsi and get unitarized. The unitarized decay amplitudes, A U , are given by [17] ,
where A is a column with entries A φπ and A K * K , k 3 is a diagonal matrix with entries k 3 1 and k 3 2 , k 1 and k 2 being the center of mass momenta in the channels φπ and K * K respectively and K is the symmetric, real (2×2) K-matrix,
where a, b and c are assumed to be constants with dimensions GeV −3 . Note the appearance of k 3 as the appropriate threshold factor for P-waves in (23) . The parameters of the K-matrix could be evaluated from the knowledge of the coupled channel scattering problem. In absence of this information, they remain undetermined in our case. Though, for our purposes the knowledge of the numerical values of the K-matrix is not necessary, we have ventured an estimate of the elements of the K-matrix later.
Carrying out the unitarization of the decay amplitude as indicated in (23), we obtain a unitarized A U,φπ which is complex and given by,
with ∆ = det(1 − ik 3 K). If the fsi were elastic, b = c = 0 and ∆ = 1 − ik 3 1 a, we would have obtained
where δ = tan −1 (ak 3 1 ) is the elastic P-wave φπ scattering phase. Though numerical calculations is not the intent of this paper, a rough estimate of some of the K-matrix elements can be obtained in the manner done in [17] . For example, the offdiagonal T-matrix element,T 12 , representing the inelastic process φπ → (K 0 K * + +K * 0 K + ), in the K-exchange approximation, is given by,
where W = m Ds is the center of mass energy and we have used an SU(3)-symmetric VectorPseudoscalar-Pseudoscalar (VPP) coupling g V P P given by [18] 
The fact that the decaying particle has spin zero imposes simplifying helicity constraints on the vector particles in the process φπ → (K * K) S . As the orbital angular momentum, L, is orthogonal to the scattering plane, it cannot have a component in the plane of scattering. This forces the helicities of φ and K * to be zero in the re-scattering process. We can then project out J = 0 amplitude with λ φ = 0, λ K * = 0 from (28) by using
Projecting (T J=0 12 ) 00 from (28), we obtain
where p and p ′ are the magnitudes of 3-momenta in the center of mass of φπ and K * K systems at W = m Ds and Q i (z)are the Legendre functions of the Second Kind with the argument z given by
Finally , we relate (T J=0 12 ) 00 to the off-diagonal K-matrix, K 12 , through
where k 1 and k 2 are the eigen-momenta in the two channels and appear due to the P-wave nature of scattering in J = 0 state. Numerically we obtain (T J=0 12 ) 00 = 1.58g
By a similar technique, one can calculate
These parameters, b and c, are quite sizable. Their effect in the unitarization appears in dimensionless products of form k 
In principle, |a
Finally, φ +− −φ 00 is, in principle, obtainable from Γ(D + →K 0 π + ).We determined the products |a 
The two values of a (0) respectively, given in (38).
We end with a determination of the process-dependent |a (25) . Thus
is the relevant form factor [3] , and in terms of flavor singlet-octet mixing angle θ P ,
The resulting decay rate is,
where λ(x, y, z) = (
which leads to
where n = 1(2) for a monopole (dipole) extrapolation of the form factor. Λ 1 is taken to be 2.11 GeV, the D * s mass. Consider now the semileptonic decay rate for D + s → ηe + ν [20, 24] , which can be written as,
¿From (46), (48) and (49), we can construct the ratios the ratios
involving the unknowns |(a U,ef f 1 ) ηπ + | and |(a U,ef f 1 ) ηρ + |. By equating these theoretical ratios to the experimental ones, we can determine |a U,ef f 1 | in these two decays. A similar method can be applied to decays involving η ′ in the final state. We now turn to the experimental results we have used. Recently, CLEO collaboration has measured [25] the following ratios,
If we combine this with the following measured ratios,
We obtain the following experimental ratios:
The errors here are probably overestimated as we propagated all errors as if they were independent while some systematic errors in the products of ratios would cancel. Confronting the theoretical ratios to the experimental ones shown in (57) - (60) we have evaluated the following (we have used V ud = 0.975, f π = 130.7 MeV and f ρ = 216.0 MeV ):
|(a
In most cases |a 
where we have used
The hadronic rates are calculated from the above two equations and the semileptonic rate from an analogous formula to (49). For the experimental branching ratios, we used Ref. [21] and evaluated |a U,ef f 1 | for B → Dπ and Dρ decays. We used four different extrapolations for the form factor F BD 1 (q 2 ): (i) monopole and (ii) dipole with pole mass 6.34 GeV [3] , (iii) an exponential form as in Ref. [28] ,
where t m = (m B − m D ) 2 in GeV −2 , and (iv) a form advocated in [2] ,
where β = 2ρ 2 − 1 with ρ = 1.19 [2] and,
The resulting |a 
Summary
In summary, the effective, and unitarized a 1 and a 2 which are defined by the following prescription: The true decay amplitude is given by replacing a 1 and a 2 by a U,ef f 1 and a U,ef f 2 respectively in the factorized (spectator) amplitude. Defined in this manner, as we have shown systematically how these effective parameters get contributions from annihilation and nonfactorizable processes as well as the final state interactions. As these effective parameters are process-dependent, the purported test of factorization that compares the hadronic rate to the semileptonic should be used, instead, as a tool to determine the modulus of these effective parameters.
We determined |a U,ef f 1 | and |a U,ef f 2 | in D →Kπ,KρandK * π decays using experimental input on formfactors ( with monopole extrapolation) as much as possible. The values of these parameters, particularly |a U,ef f 2 |, imply large departures from the factorization expectation when compared with a 1 and a 2 given by (6) | to be not much different from a 1 of eq. (7), especially for the form factor extrapolations given by a dipole and eq.(68), signifying that effects such as annihilation, nonfactorization and fsi play a less significant role in hadronic B decays.
Finally, as emphasized in Refs. [9] and [11] , effective a 1 and a 2 can be defined only for those decays whose amplitudes involve a single Lorentz scalar structure. Thus they can not be defined for decays of D and B mesons involving two vector particles in the final state. Consequently, our analysis applies only to those cases where the decay amplitudes involve a single Lorentz scalar structure.
